Background: Cyanobacteria and other phototrophic microorganisms allow to couple the light-driven assimilation of atmospheric CO 2 directly to the synthesis of carbon-based products, and are therefore attractive platforms for microbial cell factories. While most current engineering efforts are performed using small-scale laboratory cultivation, the economic viability of phototrophic cultivation also crucially depends on photobioreactor design and culture parameters, such as the maximal areal and volumetric productivities. Based on recent insights into the cyanobacterial cell physiology and the resulting computational models of cyanobacterial growth, the aim of this study is to investigate the limits of cyanobacterial productivity in continuous culture with light as the limiting nutrient.
Background
Phototrophic microorganisms such as microalgae and cyanobacteria hold significant potential for the production of industrially or medically relevant compounds, such as pigments, organic acids, or alcohols [17, 56] , as well as secondary metabolites used for pharmaceutical purposes [26, 36] . The interest in cyanobacteria as platforms for microbial cell factories originates from their capability for carbon-neutral production, easy accessibility for genetic manipulation, and their relatively fast growth rates compared to land plants. A major challenge of cultivating phototrophic microorganisms on a commercial scale, however, is still the low biomass density, and hence low volumetric productivity, compared to other biotechnologically relevant microorganisms [27, 29, 51, 52] .
Previous research has established the critical role of the photobioreactor design for improving the overall performance with a focus on parameters such as mixing rates, gas exchanges, temperature, pH, as well as light paths [22, 40, 41] . In particular, there has been significant progress to model phototrophic culture systems making use of sophisticated computational methods to describe reactor geometry, light transfer, and fluid dynamics [1, 9, 16, 38] . Concomitantly, there have been significant efforts to obtain a better quantitative understanding of the photosynthetic productivity of cyanobacterial growth in photobioreactors [8, 43] .
However, despite this progress, there remains a need for an improved computational framework to better understand the physiological acclimation of cyanobacteria in a heterogeneous light environment typically encountered in dense cultures. In this respect, we can build upon an established theory of the light-limited chemostat, originally developed by Huisman et al. [23] and later refined by other authors [18, 30, 31] . These previous analyses, however, were almost all based on phenomenological growth models, such as the Monod or Haldane-type equation, and only few works, such as the computational analysis of He et al. [20] , explicitly integrate intra-and extracellular information to achieve a better understanding of bioreactor productivities.
The purpose of this work is therefore to integrate a recent coarse-grained model of cyanobacterial growth into a model of population dynamics within a light-limited chemostat. The coarse-grained computational model was previously parametrized using an in-depth quantitative analysis of cyanobacterial growth in an optically thin turbidostat [54] , and describes the relationship between intracellular protein allocation and cellular growth. Based on our previous experimental analyses [15, 54] , our premise is that the model provides a reasonable description of cyanobacterial growth under different light intensities-and therefore represents a suitable starting point to investigate the relationship between the allocation of intracellular proteins, light absorption, self-shading, growth rate, and overall culture productivity. Combining our model of cyanobacterial growth with a model of a light-limited chemostat therefore allows us to computationally investigate and compare different possible proteome allocation strategies, such as maximization of growth rate versus maximization of culture productivity, and provides insights into optimal strain design strategies.
Our results have profound consequences for the design of photobioreactors. The model predicts that high population densities alleviate the detrimental effects of photoinhibition even under very high light intensities. The results therefore strongly support previous works by Richmond [41] and Qiang et al. [40] who showed that a high areal phototrophic productivity can be achieved using reactors maximally exposed to light with a short light-path and turbulent mixing. We further recover the well-known tradeoffs between a reduced light-harvesting apparatus and increased population density, and hence higher volumetric productivity. Our approach provides a general computational framework to integrate and solve models of cyanobacterial proteome allocation in a light-limited chemostat.
The paper is organized as follows: in the first two sections, we briefly introduce a model of the light-limited chemostat. In the subsequent sections, we describe the coarse-grained model of phototrophic growth and its solution using the assumption of parsimonious protein allocation. We then integrate both models and show that, as a nontrivial result, phototrophic growth in a light-limited chemostat can be described using the concept of an average light intensity. We then investigate culture properties, such as light attenuation, population density, and volumetric productivity, as well as the emergent bistability of the culture induced by photoinhibition. In the subsequent section, we consider hypothetical strains whose protein allocation is optimized for maximal culture productivity-and highlight differences to proteome allocation in wild-type cells. Finally, we consider engineering strategies for heterologous production.
Results

A model of the light-limited chemostat
To investigate cellular proteome allocation in dense cultures, we make use of a mathematical description of continuous cultivation in a chemostat, as originally described by Novick and Szilard [37] and, independently, by Monod [35] . The dynamics of the population density ̺ (in units of cells per milliliter) of genetically identical and well mixed cells is described by the differential equation, where µ denotes the specific cellular growth rate and D denotes the dilution rate of the culture medium. Figure 1 illustrates the concept of the chemostat.
Fresh medium and dissolved nutrients are continuously fed into the culture with the same rate as the culture medium is removed, resulting in a constant operating volume. All dissolved nutrients are well mixed within the culture medium. The dynamics of the concentration of a nutrient s depends on the inflow and outflow rates, as well as the uptake rate of the microorganisms, where V in,s denotes the inflow rate of the nutrient s, with V in,s = [s 0 ] · D for a soluble nutrient that is supplied with
a concentration [s 0 ] via the medium. Gaseous nutrients, such as CO 2 , are supplied by sparging. The uptake rate of nutrients by the microorganisms is typically assumed to be proportional to the specific growth rate µ and the yield coefficient Y s denoting the number of cells obtained per nutrient molecule.
Light attenuation in the chemostat
Different to other potentially limiting nutrients, light cannot be homogeneously distributed through the culture by vigorous mixing. Following Huisman et al. [23] and others [4, 18, 20, 30, 31] , we describe light absorption according to the law of Lambert-Beer, i.e., b a d c Fig. 1 A model of the light-limited chemostat. a Schematic representation. The light source irradiates a culture vessel of depth z m . The culture is aerated with CO 2 -enriched air and nutrients are well mixed. Different from other nutrients, the photon flux is inhomogeneous and decays exponentially with depth. b A coarse-grained single-cell model. The model describes carbon assimilation and metabolism, light harvesting, photosynthesis, and protein translation by ribosomes. External inorganic carbon c x i is transported into the cell ( v t ), assimilated ( v c ) into organic carbon precursors c 3 from which amino acids aa are synthesized ( v m ). Amino acids serve as precursors for protein synthesis ( γ j ). The model consists of seven coarse-grained protein complexes, including ribosomes R, transport proteins E T , metabolic enzymes E C , E M , E Q , photosynthetic units PSU, and quota proteins P Q . All catalyzed reactions are fueled by energy units e that are produced by activated photosynthetic units PSU * ( v 2 ). Activation of resting photosynthetic units PSU 0 is facilitated by light. High light intensities cause photodamage ( v i ), i.e., the degradation of PSU into its constituent amino acids. The model also incorporates a general protein degradation term ( d p ), as well as an energy maintenance reaction ( v me ). c The optimized specific growth rate as a function of light intensity, shown together with experimental values for Synechocystis sp. PCC 6803 obtained from quantitative growth experiments in an optically thin turbidostat [15, 54] . d Proteome allocation within the system is formulated as an optimization problem (parsimonious allocation) such that the ribosome fractions β j translating the different proteins give rise to a maximal specific growth rate µ we assume that light absorption is proportional to the concentration of light-absorbing substances in the medium (including cells) and the local light intensity. The light intensity I(z) at a depth z is then given by where I 0 denotes the incident light intensity at the surface, α denotes the species-specific light attenuation coefficient per cell, and K bg denotes the background turbidity of the medium including all other light-absorbing substances [23] . We note that Lambert-Beer's law is an approximation and neglects aspects such as backscattering. In the following, we further assume monochromatic light and consider light as the only limiting nutrient. The latter assumption is motivated by the fact that in biotechnological applications mineral nutrients are typically supplied in sufficient quantities. Suitable strategies to supply CO 2 to dense cultures were recently proposed [3, 29] .
To solve the equations for the light-limited chemostat requires knowledge of the specific growth rate µ(I) as a function of the light intensity (and possibly other nutrients). To this end, previous works typically used well-known phenomenological rate equations, such as the Monod equation in Huisman et al. [23] , to describe the light-limited growth of phototrophic microorganisms. Following the original analysis of Huisman et al. [23] , Gerla et al. [18] and later Martínez et al [31] provided a detailed analysis based on a Haldane-type equation, where k 1 and k 2 denote species-specific parameters and µ max the maximal growth rate in the absence of photoinhibition ( k 2 = 0 ). Equation (4) can be derived using a simple model of photoinhibition [14, 19] . See, for example, Westermark and Steuer [50] for a review.
A coarse-grained model of phototrophic growth
Our aim is to replace the phenomenological growth equations used in previous works with a mechanistic model of cyanobacterial growth. To this end, we utilize the coarse-grained model of Faizi et al. [15] with minor modifications as described in "Methods" section. The model describes phototrophic growth of a single cyanobacterial cell in an optically thin culture and was recently subject to an in-depth analysis based on quantitative growth experiments [54] . Different to phenomenological growth models, the model of Faizi et al. [15] describes growth in terms of the expression of a (coarse-grained) proteome and accounts for the acclimation of cells to different light intensities. Based on our previous experimental analysis [54] , we consider the model to be a reasonable
description of cyanobacterial growth, and therefore a suitable starting point to investigate growth in a lightlimited chemostat.
The model is conceptually similar to other recent models of cellular resource allocation [5, 24, 34, 49] and describes the uptake and conversion of extracellular nutrients into metabolic precursors (metabolism) as well as the synthesis of proteins from these metabolic precursors (gene expression). The dynamics of all cellular constituents are modelled as ordinary differential equations (ODEs). In brief, the model consists of 13 ODEs that describe the dynamics of 7 intracellular protein complexes and 5 intracellular metabolites: inorganic carbon c i is taken up and assimilated into the metabolite c 3 , which serves as a precursor for the synthesis of amino acids aa and other cellular components c q . Proteins are translated by ribosomes using available amino acids and cellular energy. Energy is provided by a photosynthetic unit PSU that integrates light harvesting and the electron transport chain. The cellular energy unit e combines chemical energy and reductant (ATP and NADPH, respectively). Light absorption induces photodamage that results in a (light-dependent) degradation of PSU back into its constituent amino acids. The model is depicted in Fig. 1 and a detailed description of the model equations is provided in "Methods" section.
Parsimonious resource allocation and growth
Similar to other models of cellular resource allocation, the model does not assume knowledge of regulatory interactions but is formulated as an optimization problem that is solved based on the principle of parsimonious allocation of cellular resources to achieve a maximal growth rate. That is, we maximize the cellular growth rate under (steady-state) balanced growth conditions by varying the fractions β j of ribosomes that translate specific proteins P j . The fractions β j govern the abundance of the respective proteins-and a different allocation of intracellular proteins will give rise to different physiological properties and growth rates under different environmental conditions. Hence, our framework goes beyond phenomenological growth functions and allows us to study the consequences of different proteome allocation strategies, including allocation strategies that are optimized for maximal culture productivity, as well as the trade-offs that arise from an heterologous synthesis and excretion of a metabolic compound of interest.
Assuming steady-state conditions and balanced growth, all intracellular components are subject to the mass balance constraint [11, 15] , (5) 
where N denotes the stoichiometric matrix, v the vector of reaction fluxes, and x the vector of intracellular concentrations (including proteins). Equation (5) implies that the product of the stoichiometric matrix N and the vector of reaction fluxes v equals the dilution of intracellular compounds due to growth. With ω denoting the vector of specific weights of each intracellular compound, and the (reasonable) assumption of a constant cell density D c = ω · x , the specific cellular growth rate is given by Figure 1c shows the resulting maximal growth rate in dependence of the light intensity I. The growth curve emerges from the coarse-grained model using the assumption of parsimonious protein allocation and is in good agreement with Eq. (4), as well as with experimentally determined growth curves obtained in an optically thin turbidostat. See Faizi et al. [15] and Zavřel et al. [54] for further discussion.
Phototrophic growth in the light-limited chemostat
To describe phototrophic growth in a light-limited chemostat, we aim to incorporate the coarse-grained growth model into a heterogeneous light environment induced by self-shading of the culture. According to Eq. (3), the local light intensity decreases exponentially as a function of vessel depth z m and depends on the density of light-absorbing organisms ̺ and their species-specific light attenuation coefficient α . Within our model the species-specific cellular light attenuation coefficient is given by where α 0 denotes a basal light absorption per cell independent of photosynthesis, and the product σ · PSU tot describes the absorption per cell for photosynthesis, with σ denoting the effective cross section per PSU. The specific light attenuation coefficient α therefore depends on the expression of the protein complex PSU, and hence on the acclimation state of the cell.
We further assume that the culture is rapidly mixed, i.e., we only consider a single cell type and acclimation state within the culture. The concentrations of intracellular compounds do not depend on the (momentary) position of a cell within the chemostat. Individual metabolic reactions, however, in particular reactions that directly depend on light, will proceed with rates that depend on the local light intensity-the overall metabolism is required to be balanced with respect to energy uptake and growth. As noted by Pirt [39] , this assumption implies a certain buffering capacity to permit each cell to grow with a constant rate even though it is intermittently exposed to radiation.
To solve the model, we consider the steady-state condition for the chemostat, Eq. (1), and integrate over the vessel depth z m , Using the definition of the specific growth rate, Eq. (6), we obtain an expression for the effective growth rate μ in the chemostat, with Using a substitution of variables, as suggested by Huisman et al. [23] , Eq. (10) can be rewritten as an integral over light intensity and solved analytically for all reaction rates (see "Methods" section). The solution reveals that it is possible to express the effective specific growth rate μ in the light-limited chemostat as a function of an effective average light intensity Î , Since ln(I 0 ) − ln(I(z m )) = (α · ̺ + K bg ) · z m , the average light intensity Î depends on the incident light intensity I 0 , the cell-specific attenuation coefficient α , the background turbidity K bg , the population density ̺ and the vessel depth z m . As already noted by Huisman et al. [23] , the value of Î can also be readily estimated experimentally from measuring the incident and transmitted light intensities, I 0 and I(z m ) , respectively.
The solution of Eq. (10) is a nontrivial result and crucially depends on the assumption of rapid mixing and the fact that light absorption and photoinhibition are modelled as first-order reactions. There is indeed significant empirical evidence for the latter assumption, which is contrary to the belief that photoinhibition does not occur under low light [6, 44, 45] . While previous models also used the concept of an average light intensity as a convenient approximation [7, 13] , the description emerges here as a consequence of the functional form of the intracellular rate equations.
Growth, population density and bistability
Given the definitions above, a solution of the model of the light-limited chemostat requires to solve the steadystate equation 0 =μ(β, x,Î) · ̺ − D · ̺ for the effective growth rate μ as a function of the average light intensity Î . A solution requires knowledge about the cellular
.
proteome allocation, or, as described above, a suitable optimization objective. As our first optimization scenario, we therefore assume that the cyanobacterial cells acclimate to the average light intensity Î only. That is, we assume that the cells have no explicit information about the culture density or other culture parameters, but adjust their intracellular proteome such that it maximizes the effective growth rate μ for the respective average light intensity Î . This allocation strategy is identical to the proteome allocation strategy previously used in Faizi et al. [15] , with results that are in excellent agreement with measurements in an optically thin turbidostat [54] .
Our premise is therefore that the cyanobacterial wildtype (WT) strain has evolved to allocate its proteome such that the specific growth rate in the respective light environment is maximized. We denote this optimization objective as WT-strategy. Figure 2 illustrates the solution obtained for the lightlimited chemostat for the WT-strategy. All extracellular culture parameters are summarized in Table 1 . Figure 2a shows the maximal effective growth rate μ as a function of the effective average light intensity Î . For any value of Î , sub-optimal proteome allocation strategies result in growth rates beneath the curve (indicated by the shaded area in Fig. 2a ). The maximal value of the effective average light intensity Î is bound from above by (a function of ) the incident light intensity I 0 . Figure 2a also indicates that the WT-strategy is (evolutionary) stable with respect to changes in proteome allocation: any sub-optimal proteome allocation strategy results in a lower growth rate for the respective average light intensity. The respective strain would be outcompeted by a strain that attains a higher specific growth rate at the same average light intensity. Figure 2b shows the effective growth rate μ as a function of the population density. We note that the values are identical to those shown in Fig. 2a , μ is not subject to any explicit optimization with respect to the population density ̺.
Different to phenomenological models, the assumption of parsimonious protein allocation implies that cells acclimate to different average light intensities Î . The respective changes in the cellular light attenuation coefficient α are shown in Fig. 2c . Higher average light intensities result in the lower expression of photosynthetic units, resulting in lower values of the cellular light attenuation coefficient α . Figure 2d shows the culture productivity P E =μ · ̺ as a function of the population density for different incident light intensities I 0 . The steady-state productivity is given by the intersection between the curve and the straight line defined by D · ̺ . The culture productivity P E has a maximum for intermediate values of D that depends on the incident light intensity I 0 .
The chemostat is in steady state when the effective growth rate μ equals the dilution rate D. For any incident light intensity I 0 , we must therefore distinguish between three possible cases (see Fig. 2a , b): (i) For a sufficiently low dilution rate D, there is a single steady state. In this case, the average light intensity Î corresponds to the nutrient concentration in the classical chemostat. Any perturbation towards a higher culture density reduces the average light intensity, resulting in a lower growth rate and hence a decreasing culture density: the steady state is stable. (ii) For a dilution rate D that exceeds the maximal growth rate μ max , no positive steady state is feasible, the culture is washed out ( ̺ = 0 ). (iii) For intermediate values of D, and for sufficiently high I 0 , the effects of photoinhibition induce a second potential steady state: the chemostat is bistable. In the second state, however, an increase in the average light intensity results in a decrease of the effective growth rate, resulting in a decrease of the population density, and hence a further increase in the resulting average light intensity: the second steady state is unstable and the culture is washed out ( ̺ = 0).
These results recapitulate the results previously obtained for phenomenological rate equations. In particular, Gerla et al. [18] and others [30, 31] provided a detailed theoretical analysis of the light-limited chemostat using Haldane-type models and highlight the consequences of bistability induced by photoinhibition. In the following, we focus on the stable steady state only and make use of the plasticity of our model to investigate different proteome allocation strategies.
Maximizing photosynthetic productivity
For many biotechnological applications the overall culture productivity is a crucial process parameter that determines the economic viability of phototrophic cultivation. We are therefore interested in the maximal volumetric productivity of a light-limited chemostat, as well as the optimal proteome allocation strategy to achieve maximal productivity-and how this strategy differs from proteome allocation in wild-type cells. To this end, we consider a hypothetical strain that is engineered (or selected) to adjust its intracellular protein allocation such that it maximizes the steady-state volumetric biomass productivity of the culture, defined as
We denote this optimization objective as P E -strategy. Figure 3a shows the maximal biomass productivity of the hypothetical P E -strain as a function of the dilution rate D for two different incident light intensities I 0 .
The curves reflect a trade-off between maximizing the dilution rate and maximizing culture density ̺ . With increasing dilution rates (Fig. 3b ) the steady-state population density decreases, resulting in a maximal biomass productivity P E for intermediate values of D. We note that the dilution rates at which the maximal productivity is attained are well below the maximal growth rate of the strain. For example, for an incident light intensity of I 0 = 440 µE m −2 s −1 , the maximal productivity P E = 0.16 gDW L −1 h −1 is achieved for a dilution rate D opt = 0.026 h −1 . Figure 4a shows the optimal dilution rate D opt for different incident light intensities I 0 . The dilution rate D opt for which the maximal productivity is attained initially increases with the incident light intensity and converges to D opt ≈ 0.027 h −1 . Similar, as shown in Fig. 4b , the photosynthetic efficiency Y E , defined as the photosynthetic yield in gDW per photon [57] , (13) first increases with increasing incident light intensity and then saturates at Y E ≈ 2.37 gDW mol photons −1 , approximately double that of the measured efficiencies from Touloupakis et al. [43] (see "Methods" section for a discussion of error ranges). These results suggest that the operation of a light-limited chemostat is more efficient at high light intensities and that the efficiency is also not decreasing for incident light intensities under which the individual cells already exhibit strong photoinhibition.
Finally, we consider the impact of the vessel depth z m on the (maximal) productivity. As expected, and shown in Fig. 4c , the culture density and hence the volumetric biomass productivity decreases with increasing vessel depth. However, the productivity per surface area (as well as the total biomass within the bioreactor) remains approximately constant for different vessel depths. The small decrease of the per surface area is due to the increasing effect of the background absorption [ K bg in Eq. (3)]. Hence, the model predictions agree with previous reports from Qiang et al. [40] , Richmond [41] , and Cuaresma et al. [10] that cultivation in short light-path bioreactors is advantageous.
Engineering strategies for maximal biomass productivity
Different from phenomenological growth models, the coarse-grained model allows us to investigate the proteome allocation strategies that maximize culture productivity ( P E -strategy)-and to compare the respective differences from the allocation strategy that maximizes growth rate (WT-strategy). Figure 5 shows the optimal proteome allocation for both optimization strategies, performed at a dilution rate of D = 0.026 h −1 for an incident light intensity I 0 = 440 µE m −2 s −1 . For simplicity, the figure neglects quota components ( 55% of cell mass corresponds to non-protein components, represented by the metabolic compound c q , 50% of protein mass corresponds to quota protein). Cells optimized for culture a b Fig. 3 Maximizing photosynthetic productivity. a The maximal volumetric biomass productivity P E as a function of the dilution rate D for two different incident light intensities I 0 . b The population density ̺ as a function of D. The maximal productivity P E represents a trade-off between a high population density and a high dilution rate D, resulting in a maximal value for intermediate dilution rates, well below the maximal growth rate of the strain a b c Fig. 4 Photosynthetic efficiency, optimal dilution, and effects of the mixing depths. a The optimal dilution rate D opt for which a maximal biomass productivity P E is attained. D opt increases with increasing incident light intensity I 0 and saturates at a value D max ≈ 0.027 h −1 . b The photosynthetic efficiency as a function of the incident light intensity for a maximally productive chemostat. The photosynthetic efficiency increases with increasing incident light intensity and saturates at Y E,max ≈ 2.474 gDW mol photons −1 . c The consequences of different mixing depths on the maximal biomass productivity P E . While the volumetric productivity decreases, the surface productivity P E · z m remains approximately constant. The slight decrease is due to the increasing effect of the background turbidity productivity exhibit a reduced expression of the photosynthetic unit (PSU), and instead accumulate free metabolites. Other proteome components are similar for both optimization strategies. Figure 6 provides a more detailed comparison between both optimization strategies for different dilution rates D. The results are shown as a function of the resulting average light intensity. Figure 6a shows that strains optimized for culture productivity ( P E -strategy) exhibit a slightly lower effective growth rate μ as a function of the effective average light intensity compared to strains optimized for maximal growth (WT-strategy). This difference is due to different proteome allocation. As shown in Fig. 6b , cells optimized for culture productivity also exhibit a lower light attenuation coefficient α . Correspondingly, the culture exhibit a higher population density ̺ at the same effective light intensity (Fig. 6d ). The optical depth of both cultures, defined as θ = α · ̺ , remains unchanged ( Fig. 6e ) and the overall light absorption of both cultures is identical.
The difference in proteome allocation as a function of the dilution rate is again shown Fig. 6c : the lower light absorption coefficient of cells optimized for maximal culture productivity results from the fact that these cells express less PSU. The differences in protein allocation between both strains are restricted to low dilution rates (including the dilution rate at which the maximal productivity is attained). For higher dilution rates, both optimization strategies give rise to an identical proteome allocation. The reason for the observed convergence of allocation strategies is that for higher dilution rates D, the cells have to allocate increasing resources to ribosomal and metabolic proteins to match the growth rate imposed by the dilution rate.
As shown in Fig. 6f , however, the quantitative differences between the volumetric productivities of both optimization strategies as a function of the dilution rate, are rather small-despite the significant differences in proteome allocation. We note that the absolute quantitative difference in maximal productivity may also be strainspecific and may depend on the parameterization of the model. Figures 5 and 6 show results for an incident light intensity of I 0 = 440 µE m −2 s −1 , all results remain qualitatively identical for other values of I 0 .
Sensitivity analysis
To obtain further insights to what extend parameters other than proteome allocation affect the maximal productivity, we performed a sensitivity analysis of the maximal productivity with respect to the model parameters. For details on the estimation see "Methods" section. The results, shown in Fig. 7 , indicate that parameters that positively influence growth rate also improve overall productivity. In particular, a larger catalytic activity τ (catalytic cycles per second) of the PSU increases productivity. Likewise, an increase of the effective cross section σ per PSU results in an increased productivity, contrary to arguments suggested in the context of antennae truncation. The influence of most other catalytic activities k cat is modest. From a mechanistic perspective, parameter changes that increase the growth rate at a given average light intensity allow the model to attain the required growth rate (set by the dilution rate D) at a lower average light intensity, resulting in a higher culture density and hence a higher productivity. Vice versa, parameters that are expected to negatively affect growth, such as an increased protein degradation constant d p , increased basal maintenance a b Fig. 5 Comparison of the cellular composition for different proteome allocation strategies. a P E -strategy: the protein allocation optimized for maximal culture productivity at a dilution rate of D = 0.026 h −1 with I 0 = 440 µE m −2 s −1 . b WT-strategy: the protein allocation is optimized to give rise to a maximal effective growth rate for the respective average light intensity at the same dilution rate and incident light intensity. The P E -strategy results in a significant reduction of light-harvesting protein complexes (PSU). Instead, intracellular metabolites are accumulated. For simplicity, the cellular composition is shown without (protein and metabolic) quota components (quota components correspond to ≈ 77.2% of cellular dry weight) Faizi and Steuer Microb Cell Fact (2019) 18:165 v me , and increased photoinhibition constant k d , as well as an increased basal light attenuation α 0 all reduce the maximal productivity.
Engineering strategies for heterologous production
In addition to the production of biomass, cyanobacteria are potential host organisms for the light-driven heterologous synthesis of bioproducts. Metabolic engineering for heterologous production, however, requires optimal expression strategies. To explore the trade-offs between growth and optimal product synthesis, we extend the coarse-grained model with an additional enzyme complex E X (representing a set of heterologous proteins) that catalyzes the synthesis and excretion of a product of interest. In brief, we introduce a reaction v x , catalyzed by E X , that uses the carbon precursor c 3 as substrate and exports a metabolite m x into the extracellular medium. The compound m x represents a small molecule of interest, such as lactate [2] , ethanol [12] , or a volatile product [55] , whose heterologous production has been achieved in cyanobacteria. For simplicity, we neglect effects of product inhibition or toxicity [25] , but these could be readily incorporated into the definition of v x if the respective data are available. See "Methods" section for model definitions.
We are interested in the (maximal) volumetric productivity P X = v x · ̺ , defined as the synthesis rate per cell multiplied by the population density. We note that the definition of P X holds independently on how the product is removed from the medium, i.e., whether the product is removed as part of the output flux ( D x = D ) or with a separate rate D x = D . In either case, the mass-balance equation holds, and the concentration of m x adjusts accordingly.
We first consider the trade-off between expression of the heterologous protein E X , biomass productivity (the 'protein burden'), and P X respectively. To this end, we force the heterologous expression of the protein E X within the WT-strain by introducing a lower bound on its concentration (in molecules per cell) as an additional constraint into the optimization objective, and subsequently use the WT-strategy to maximize the effective growth rate. The optimization establishes a 'best case' scenario for growth under the constraint of heterologous expression. Fig. 8a shows the resulting trade-off between biomass productivity and expression for three different dilution rates D. As expected, biomass productivity decreases with increasing heterologous expression and there is a maximal expression after which the biomass
productivity ceases: the remaining proteome resources are not sufficient to ensure a specific growth rate that matches the dilution rate D and the culture is washed out. Figure 8b shows the resulting productivity P X as a function of protein expression. The productivity P X exhibits a maximum for a specific expression of E X that depends on the dilution rate D.
Beyond enforced expression, we are interested in the predicted proteome allocation of a hypothetical P X -strain that maximizes the productivity P X -and how this predicted proteome differs from the proteome of a WTstrain. To this end, P X is maximized for different dilution rates D as a function of protein expression, i.e., by varying the fraction β j of ribosomes that translate a specific protein P j . The results are summarized in Fig. 9 . Figure 9a shows the maximal productivity P X of the optimized P X -strain as a function of dilution rate D. The maximal productivity P X decreases with increasing dilution rates: for heterologous production cyanobacteria act as catalysts and the maximally productive state of the culture is attained when growth (almost) ceases (i.e., the reactor has a low dilution rate) and all cellular resources are directed to carbon assimilation and product synthesis. This finding holds independently of the removal rate of the product. In practice, however, product inhibition and possible toxicity of the accumulated dissolved products will either prohibit very low dilution rates or necessitate fast removal of the product. Fig. 9b shows the optimal heterologous expression necessary for a maximal productivity P X . Figures 9c, d compare the cellular composition of cells optimized for maximal growth (WT-strategy) and maximal productivity P X ( P X -strategy) at the same dilution rate D. In the latter case, protein complexes associated to light harvesting and photosynthesis (PSU) are again reduced, whereas protein complexes associated to carbon uptake and assimilation are increased. a b Fig. 8 Engineering strategies for heterologous production. The heterologous expression of a protein E X that catalyses the synthesis and export of a product of interest is enforced. a Shown is the volumetric biomass productivity as a function of the expression of the heterologous protein. As expected, increasing expression results in lower biomass productivity ('the protein burden'). b The resulting productivity P X of the compound of interest. P X exhibits a maximum as a function of heterologous expression. In both plots I 0 = 440 µE m −2 s −1 Faizi and Steuer Microb Cell Fact (2019) 18:165 
Discussion
In this study, our aim was to provide insights into the limits of phototrophic cultivation of microorganisms in a light-limited chemostat. To this end, we built upon an established theory of growth in a light-limited chemostat, as developed by Huisman et al. [23] and others [18, 30, 31] . Previous analyses, however, primarily relied on phenomenological growth models, such as the Monod or Haldane-type equation. In contrast, our starting point was a mechanistic model of cyanobacterial growth that connects intracellular resource allocation with physiological properties and growth. The model was previously parameterized using data obtained from an (optically thin) turbidostat culture of the cyanobacterium Synechocystis sp. PCC 6803, and was subject to a detailed analysis with respect to the predicted physiological properties as a function of growth rate and light intensity [54] . Our premise was therefore that the model represents a reasonable description of cyanobacterial growth at different light intensities. Our aim was to extrapolate the results obtained from the coarse-grained single-cell model to dense cultures that give rise to strong light gradients due to self-shading-motivated by the hypothesis that growth in an optically dense culture imposes different trade-offs on resource allocation. Following previous works [23] , and the experimental setup used by Zavřel et al. [54] , we only considered monochromatic light (the computational approach, however, can be straightforwardly extended to different light spectra). Our first step was to integrate the coarse-grained growth model into a model of the light-limited chemostat. The rate equations as a function of the light gradient were solved analytically, resulting in a description of phototrophic growth that only depends on the average light intensity within the chemostat. Such a description was previously utilized by several authors, for example Du et al. [13] and Clark et al. [7] , as a reasonable approximation. Our results, however, provide a more stringent justification for this approximation: it emerges as a direct consequence of the model definitions. A crucial prerequisite for this fact is that photodamage is assumed to happen at all light intensities and that the rate constant of photodamage (the degradation of the PSU protein complex that represents the degradation of the D1 protein) a b c d Fig. 9 Maximal productivity of heterologous production. We consider a hypothetical strain whose protein allocation maximizes the productivity P X for different dilution rates D. Results are shown for an incident light intensity I 0 = 440 µE m −2 s −1 . a The maximal productivity P X decreases with increasing dilution rate D. b The optimal expression of the heterologous protein as a function of dilution rate. c The cellular composition for the WT-strategy for I 0 = 440 µE m −2 s −1 and a dilution rate D = 0.03 h −1 . d Optimal cellular composition under the P X -strategy for an identical incident light intensity and dilution rate is directly proportional to light intensity. There is indeed significant experimental evidence for this assertion: the finding that the rate constant of photodamage is directly proportional to light intensity has been confirmed several times in various organisms [6, 32, [44] [45] [46] . It has already been highlighted [44, 45] that the first-order behavior of photoinhibition is not a trivial result, and runs contrary to the belief that photoinhibitory damage does not occur under low light. We note that the first-order dependence is an empirical finding that is independent of details of the model implementation.
Within our computational framework, the first-order dependence allows us to solve the model analytically. The solution has strong implications for phototrophic cultivation and the design of photobioreactors. Firstly, these results provide a stringent justification for the photonfluxostat [13] as a suitable tool for quantitative growth experiments. In particular, the average light intensity, as defined in Eq. (11), can be readily estimated experimentally using the incident and transmitted light intensities, I 0 and I(z m ) respectively, and therefore may provide direct feedback to a controller. The definition provided in Eq. (11) also provides a more accurate description than the approximations previously used in phenomenological growth models [7] .
Secondly, and more importantly, the dependence on the average light intensity implies that the culture density itself provides an effective mechanism of light dilution. If photodamage is directly proportional to light, then the average rate of photodamage equals the photodamage rate at the average light intensity-with the latter being determined by the culture density. For a rapidly mixed culture, our model therefore predicts maximally efficient growth for high densities at very high light intensities. Within the model, higher light intensity will always result in denser cultures with no obvious upper bound imposed by the model itself (a fact that is different to the analysis of Martínez et al. [31] where the maximal productivity has an upper bound independent of the light intensity). In practice, however, we expect that at high culture densities the supply of other nutrients, in particular inorganic carbon, becomes limiting-resulting in a de facto upper bound on the feasible cell density that is outside the scope of the current model.
Our model predictions can be compared to growth data reported in the literature. Results obtained from conventional cultivation typically report significantly lower cell densities compared to the values suggested here. See, for example, Straka and Rittmann [42] for typical values for Synechocystis sp. PCC 6803 cultured in conventional BG-11 medium (the comparison with our prediction is shown in Additional file 1: Figure S3 ). However, several recent works have shown that conventional BG-11 media is not suitable for high density cultivation and alternatives are required [3, 29, 48, 52] . Previous works have shown that cultivation of Synechocystis sp. PCC 6803 is feasible at cell densities in excess of 20 gDW L −1 and light intensities in excess of 1000 µE m −2 s −1 with no apparent detrimental effects due to photoinhibition [3, 29] . Similar results were recently reported for other cyanobacterial strains [52] . The predictions of our model in favor of cultivation at very high light intensities in shallow rapidly mixed cultures are also confirmed by the experiments of Qiang et al. [40] using Spirulina platensis. Therein a linear relationship was observed between the output rate (in gDW L −1 h −1 ) and the incident light intensity, up to a photon flux of 2500 µE m −2 s −1 , with areal productivities similar to the values computed here. Taken together, these results strongly support the previous arguments of Richmond [41] for cultivation at high light intensities in shallow rapidly mixed cultures with short light-paths for maximal phototrophic productivity.
Beyond the argument for dense cultures, the model recapitulates many of the results previously obtained for the light-limited chemostat using phenomenological growth models. In particular, we recover the observed bistability for incident light intensities that give rise to photoinhibition. While we were primarily interested in the steady-state properties, bistability has complex implications for the startup and dynamics of a culture [18, 30, 31] , for example a threshold in the (initial) population density below which the culture will wash out.
In our analysis, we were further interested in the optimal proteome allocation for phototrophic production. As a benchmark for comparison, we assume that wildtype cells adjust their proteome composition such that they achieve the maximal growth rate at the respective average light intensity (WT-strategy). As shown in Fig. 6 , the WT-strategy is (evolutionary) stable with respect to alternative proteome allocation strategies. Our results show that the composition of (hypothetical) strains optimized for maximal biomass productivity differs significantly from the composition of cells using the WT-strategy. Maximally productive strains exhibit a significantly reduced expression of protein complexes associated with light harvesting and photosynthesis (protein complex PSU). This reduction is reminiscent of antennae truncation strategies [33] : the WT-strategy maximized growth rate at the expense of culture efficiency. If the light absorption per cell is reduced, the population density of the culture increases, and hence the productivity increases. Interestingly, the reduction in light-harvesting proteins, however, does not result in an increase of other protein fractions, but rather in the accumulation of free metabolites (Fig. 5 ). This unintuitive result arises because the cellular growth rate within a chemostat is determined by the dilution rate. Hence the required (minimal) capacity for metabolic and ribosomal proteins is fixed. To fulfill the density constraints imposed within the model, the cell therefore accumulates free metabolites.
We further observed that, despite the significant differences in cellular composition, the quantitative differences in productivity between cells optimized for biomass productivity and the WT-strategy are rather small. This difference, however, may be strain-dependent and coarse-grained growth models parameterized for other data or strains data might exhibit larger differences. The small (and possible strain-dependent) difference in the overall productivity might also explain the mixed success reported for antenna truncation [28] . As shown in Fig. 7 , a simple reduction in the effective cross section per PSU does not result in an enhanced productivity.
Noteworthy, the maximal culture productivity is typically attained at dilution rates well below the maximal growth rate of cells. This finding has implications for the current quest to identify the fastest growing cyanobacterium [47, 53] -with grow rates typically measured in optically thin cultures under optimal conditions. While growth rate still remains an important parameter, our results show that culture productivity is determined by a combination of factors, including maximal culture density, dilution rate, and incident light intensity. We envision that the computational framework presented here may be further developed into an automated "design-build-testlearn" pipeline for microbial design strategies that allows to extrapolate the expected culture productivity of strains based on a defined set of screening experiments.
Conclusion
The results obtained from our computational model have strong implications for phototrophic cultivation and the design of photobioreactors. The (experimentally well supported) fact that the rate of photodamage is directly dependent on light intensity implies that phototrophic growth in the light-limited chemostat can be efficiently described using the concept of an average light intensity. Furthermore, the first-order dependency of photodamage implies that the culture density itself provides sufficient light dilution-given that the cells are rapidly mixed and other nutrients are available in nonlimiting concentrations. We have previously shown that suitable cultivation setups are indeed possible by combining short light-paths (up to 1 cm) with high light intensities ( > 1000 µE m −2 s −1 ), turbulent mixing and sufficient supply of inorganic nutrients [3, 29] . As already emphasized by Richmond [41] , such results rekindle the hope that growing algae and cyanobacteria in ultra high densities may boost economic viability of phototrophic cultivation. The early experimental results of Qiang et al. [40] are recovered here and put in the context of a thorough computational framework that builds upon recent insights in the cellular economy of phototrophic growth [54] .
The computational framework presented here provides a further step to guide phototrophic cultivation and the development of phototrophic cell factories. While our study was limited to steady-state conditions, further work may assess the dynamics of cellular proteome allocation and the resulting population dynamics. Furthermore, in future work, the model may be extended to incorporate further molecular details, in particular with respect to the photosynthetic light reaction, cycling of inorganic carbon, photorespiration, storage metabolism, oxygen accumulation, as well as the potential effects of product toxicity and inhibition. We conjecture that our approach will prove useful in understanding the limitations of phototrophic culture productivity and allows us to further optimize culture conditions and cellular composition.
Methods
A model of phototrophic growth
We use the previously described model of Faizi et al. [15] with minor modifications. The model is implemented as an ordinary differential equation (ODE), all parameters are summarized in Additional file 1: Table S1 . The model describes phototrophic growth of a cyanobacterial cell and consists of 7 coarse-grained protein complexes that catalyze cellular reactions, as well as 5 intracellular metabolites. Cellular processes require a cellular energy unit e that combines ATP and NADPH and is produced by the photosynthetic light reactions.
The metabolic reactions and the stoichiometry of the translation reaction are summarized in Table 2 . All metabolic reactions v met are assumed to follow irreversible Michaelis-Menten kinetics,
where [E] denotes the concentration of the respective catalyzing protein complex, [m] the concentration of the substrate, K m and k cat the respective kinetic constants. The Michaelis-Menten K e constant with respect to the energy unit e is assumed to be equal for all reactions.
For each protein complex P j , the translation rate γ j depends on the length n j of the protein (in units of amino acids, aa) and the fraction β j · [R] of ribosomes that translate protein P j (with β j ≤ 1),
where γ max denotes the maximal catalytic rate of the ribosome. The parameters β j determine cellular proteome allocation. where τ denotes the catalytic turnover of the PSU, σ the effective cross section for light absorption, and k d a rate constant for photodamage. These equations correspond to a three-state model of photosynthesis [14, 50] where degradation and recovery of PSU involves the constituent amino acids. The first-order light dependency of the reactions, in particular for photoinhibition, is strongly supported by data [6, 44] . We emphasize that this fact does not imply that the growth curve or the oxygen
evolution rate exhibit first-order dependencies-both are outcomes of a trade-off between different constraints and objectives (see Fig. 1c ). The overall equation for photosynthesis converts m hv = 8 photons into 8 energy units e (representing a total of 5 ATP and 2 NADPH, the latter are weighted as 1.5 e each) and one O 2 . The model consists of 13 ODEs, an objective function (see below), and additional constraints to ensure synthesis of quota compounds (a quota protein P Q and the metabolic compound c q ). External parameters are the concentration of extracellular inorganic carbon and the light intensity I 0 . The former is assumed to be constant and saturating with respect to the K t of the transporter reaction.
Solving the light gradient
To obtain an expression of the effective growth rate μ in the light-limited chemostat, we require a solution of Eq. (10) and integrate the rate equations over the mixing depth of the photobioreactor. Following [23] , we use a substitution of variables with to replace the integral over the mixing depth with an integral over the light intensities, and note that
We distinguish between light-independent reactions and reactions affected by light. The former remain unchanged, whereas the latter only consist of reactions that exhibit a first-order dependency on the light intensity ( v 1 and v i ). Consequently, the solution for each reaction rate replaces the depth-dependent light intensity with the average light intensity Î , defined in Eq. (11), in the chemostat. The derivation is based on the assumption that no further variables depend on the (momentary) position in the chemostat, i.e., the culture is rapidly mixed.
Sensitivity analysis
The sensitivity analysis is performed to quantify the influence of model parameters on culture productivity. The relative sensitivity ǫ i of the culture productivity P E with respect to a given model parameter p i is defined as 
Protein Reaction Stoichiometry Description
Synthesis of quota compounds R γ j n j · aa + 3 · n j · e → P j Translation by ribosomes and approximated by a small variation ( ±0.1% ) of each parameter p i . A relative sensitivity of ǫ i = 1 indicates a linear dependency of the culture productivity on the respective parameter p i .
Heterologous expression
The coarse-grained model is modular and allows for the addition of further enzymes of interest. We extend the model to include the synthesis and export of a desired product m x . For each enzyme complex E X the following parameters have to be defined: enzyme length n x , its turnover rate k x cat and other kinetic parameters (here the half-saturation constant K x with respect to its substrate). In this case, we assume irreversible Michaelis-Menten kinetics, the new reaction has to be added to the ODEs for the respective substrates (here c 3 and e) and product (here m x ). It is straightforward to also include, for example, a term for product inhibition into the equation provided the respective parameters are known. The model is augmented by two additional ODEs, and with a translation rate γ E X . The protein complex E X competes with other proteins for ribosomal capacity and is included into the definition of the cell density.
Model parametrization
The model parameters are taken from the previously published models [15, 54] , only the turnover rate of the photosynthetic unit τ , its effective absorption cross section σ and the photodamage constant k d are refitted in this study. We first performed a rough estimate for the photosynthetic turnover rate τ = 500 s −1 . Additional file 1: Figure S1 shows how different turnover rates effect the growth rate for arbitrarily chosen photodamage constant k d and absorption cross section σ . Fitting of the remaining parameters k d and σ was performed as described in Faizi et al. [15] for a predefined set of values k d = {10 −7 , 1.1 · 10 −7 ..., 4.9 · 10 −7 , 5 · 10 −7 } and σ = {5, 10, ..., 25, 30} . The best fit was obtained with k d = 2.7 · 10 −7 and σ = 15 nm 2 PSU −1 .
All parameters are listed in Additional file 1: Table S1 . Unless otherwise noted, the average length of a protein is 300 amino acids, the average turnover rate is k cat = 20 s −1 and the average half-saturation constant is set to 10 4 molecules per cell. In addition, we assume that the amount of photons required to activate one PSU is m hv = 8 photons. With respect to the measurements from Zavřel et al. [54] , we set the concentration of quota compounds to 10 11 molecules of carbon per cell. The concentration of quota compounds represent the amount of carbon molecules contained in the dry weight per cell without proteins.
To parameterize the chemostat model we determined the light attenuation through the culture vessel filled only with medium. For this purpose, we fitted Eq. 3 to the light profile data in Additional file 1: Figure S2 , for a vessel depth of z m = 2.4 cm without microorganisms ( α · ̺ = 0 ) and obtain the background turbidity for the culture medium of K bg = 0.06 cm −1 . The species-specific basal light attenuation coefficient is set to α 0 = 0.01 µm 2 per cell, which is approximately one order of magnitude smaller than the varying light attenuation coefficient determined by the total photosynthetic unit amount and the absorption cross section at high light conditions.
The units for culture density are gram dry weight per liter (gDW/L). We note that the original measurements and parametrization of Zavřel et al. [54] was in cells per liter, and the conversion into gDW is subject to considerable variance, owing to the experimental difficulties in the accurate estimation of dry weight. Replicate measurements reported in Zavřel et al. [54] vary from 0.53 · 10 −11 gDW/cell to 1.13 · 10 −11 gDW/cell. In this work, we assume a conversion factor of 10 −11 gDW/cell, for visual clarity error bars are omitted in all plots (but see Additional file 1: Figure S3 for an example of error ranges). We emphasize that our aim is not a precise prediction of (the numerical value of ) a specific productivity, but rather to investigate the dependence of the (maximal) productivity on culture parameters-these results are independent of the conversion factor.
Model implementation
The model is implemented as an optimization problem to obtain the optimal proteome allocation for a specific environmental condition, characterized by the incident light intensity I 0 , external inorganic carbon concentration c x i , mixing depth z m and dilution rate D. The variable parameters in our optimization problem are the population density ̺ and the ribosomal fractions β j . For the objective function of our optimization problem we first assume that the cell optimizes the internal composition such that the growth rate is maximal for the specific external condition (WT-strategy). In addition, we define two further objective functions. The second objective function maximizes the product of the dilution rate and population density ( P E = D · ̺ ) to determine the optimal proteome allocation that maximizes the volumetric biomass productivity of the culture. The third objective function maximizes the productivity of a desired product m x ( P X = v x · ̺).
The optimization problem is implemented with the APMonitor Optimization Suite [21] and solved using the IPOPT (Interior Point Optimizer) method. The model is written in the APMonitor modeling language and provided on https ://githu b.com/marja nfaiz i/photo autot rophi c-growt h (in the folder 'Faizi2019') together with a Python script (entitled optimization.py) to run the simulations.
